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Abstract. A real Bott manifold is the total space of an iterated RP 1 -bundles 
over a point, where each RP^bundle is the projectivization of a Whitney sum 
of two real line bundles. In this paper, we characterize real Bott manifolds 
which admit a symplectic form. In particular, it turns out that a real Bott 
manifold admits a symplectic form if and only if it is cohomologically symplec- 
tic. In this case, it admits even a Kahler structure. We also prove that any 
symplectic cohomology class of a real Bott manifolds can be represented by a 
symplectic form. Finally, we study the flux of a symplectic real Bott manifold. 



1. Introduction 

A real Bott tower (of height n) is a sequence of MP-bundles: 

M n M„_ x > M x M = {a point}, 

where each RP 1 -bundle Mi — > M^_i is the projectivization of a Whitney sum of 
two real line bundles on Mj_i. Each Mi is called a real Bott manifold. Clearly 
Mi = MP 1 and M 2 = (MP 1 ) 2 or a Klein bottle. If every bundle in the tower 
is trivial, then M n = (KP 1 )". However, there are many choices of non-trivial 
bundles at each stage in the tower and it is known that there are many different 
diffeomorphism classes in real Bott manifolds ([5], [5]). A real Bott manifold is also 
an example of a real toric manifold which admits a flat Riemannian metric ([5]). 

Although orientable ones occupy a small portion in all real Bott manifolds ([3]), 
the number of orientable ones of dimension n approaches infinity as n approaches 
infinity. Among those orientable ones, some are symplectic, i.e., admit a symplectic 
form. In this paper we give a complete characterization of symplectic real Bott 
manifolds (Theorem 13. ip . In particular, we prove that among real Bott manifolds 
M the following are equivalent: 

(1) M is cohomologically symplectic, 

(2) M is symplectic, 

(3) M admits a Kahler structure. 

We remark that the implication (3) =>• (2) (1) always holds but the reverse 
implications (1) (2) and (2) => (3) do not hold in general as is well-known. For 
example, CP 2 #CP 2 is cohomologically symplectic but not symplectic because 
it does not admit an almost complex structure and a certain T 2 -bundle over T 2 
constructed in [8] is symplectic but does not admit a Kahler structure. 
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This paper is organized as follows. In Section[2]we recall the quotient description 
of real Bott manifolds. In Section[3]we state and prove our main theorem. In Section 
2] we study the flux group of a symplectic real Bott manifold. 

Throughout this paper, all cohomology will be de Rham cohomology over R. 

2. Quotient description of real Bott manifolds 

In this section, we recall the quotient description of real Bott manifolds (see [5] 
and [5] for details) and observe the cohomology ring of a real Bott manifold. 

Let 25(n) be the the set of n x n upper triangular (0, 1) matrices with zero 
diagonal entries. For a matrix A 6 23(n), A* denotes the («, j) entry of A and A 1 
(respectively, Aj ) denotes the i-th row (respectively, j-th column) of A. Let S* 1 be 
the unit circle in C. For z G S 1 and a G Z /2 = {0, 1}, we set z(a) :— a if a = 
and z if a = 1. We then define the involution ai on T n :— (S 1 )" by 

(2.1) <n(zi, ...,z n ):= (zx, Zi-i, -z h z i+ i(A} +1 ), z n (A l n )) 

for i = 1, . . . , n. Let G(A) denote the transformation group on T n generated by a^'s. 
Then the quotient space M(A) := T n /G(A) is known to be a real Bott manifold and 
every real Bott manifold can be obtained as M(A) for some A G 23(n). Although 
A is not necessarily uniquely determined by a real Bott manifold, A contains all 
geometrical information on M(A). For example, 

n 

(2.2) M (A) is orientablc <^ A) = in Z /2 for any i 

3 = 1 

(see 0). 

It is also helpful to describe M{A) as the quotient of R™ by affine transformations. 
In fact, let T(A) denote the affine transformation group on R ra generated by s^'s 
defined by 

(2.3) s 4 (wi, ...,u n ) := (tti, . . .,Ui^x,Ui + i, {-l) A ^Ui +1 , . . . , (~l) A "u n ) 

for i = 1, . . . , n. Then, an exponential map from R to S 1 sending u to exp(27r^/— lu) 
induces a diffeomorphism from R" /T(A) onto T n /G(A) = M(A). 

Let du\, . . . , du n denote the standard 1-forms on R 71 . Since each duj is invariant 
under parallel translations on R", it descends to a closed 1-form on T n = R ra / Z™, 
which we also denote by duj. The (de Rham) cohomology ring H*(T") of T n is 
the exterior algebra in n variables [dui], . . . , [du n ] over R, where [duj] denotes the 
cohomology class represented by the 1-form duj . It follows from (|2.1I) or (|2.3p that 
the endomorphism a* of H*(T") induced by a t G G(A) is given by 



(2.4) atQduj 



\ [d Uj ] if A) = 0, 

\-[d Uj } if 4 = 1. 

We note that since M(A) = T n /G(A) and G(A) is a finite group, we have 
(2.5) E*(M(A)) = B*{T n ) G ^ 

(see [2 Theorem 2.4 in p. 120] for example), where the right hand side denotes the 
G(A)-invariants in H*(T n ). 

Lemma 2.1. Let J be a subset of {1, . . . , n}. T/ie« Y[ je j[duj\ G H*(T") is G(A)- 
invariant if and only if X^jej = ^ inTL jl. 



SYMPLECTIC REAL BOTT MANIFOLDS 



3 



Proof. By (|2.4|) . we have 



jeJ jtJ 

Thus, rijej[^ u j] i s fixed by a* if and only if YljeJ — in Z/2. This implies 
the lemma since G(A) is generated by a^s. □ 

3. Main theorem 
The following is our main theorem in this paper. 

Theorem 3.1. Let A G 93 (2n). The following conditions are equivalent: 

(1) M(A) is cohomologically symplectic, that is, there exists an a € H 2 (M(yl)) 
such that a n is nonzero. 

(2) There exist n subsets {ji, j n +i}, ■ ■ • , {j n , J2n} of {1,2,..., 2n} such that 

• UkiikJk+n} = {1,2,..., 2n} and 

• An = > • • • J Ajn = A?2n • 

(3) There exists a symplectic form on M(A). 

(4) There exists a Kahler structure on M(A). 

Moreover, any a G H 2 (M(A)) in (1) can be represented by a symplectic form on 
M(A). 

Proof. Because any closed symplectic manifold is cohomologically symplectic and 
any Kahler manifold is a symplectic manifold, it suffices to prove implications (1) 
=► (2) and (2) =>■ (4). 

Proof of (1) =4> (2). Assume that there exists a de Rham cohomology class 
a e U 2 (M(A)) such that a n ^ 0. We identify H*(M(A)) with H*(T") G ( A ) by 
(|2.5[) . Then it follows from Corollary 12.11 that we can write a uniquely as 

(3.1) a = Cj.k[duj A duk] with some Cj t k G M. 

j<fe,Aj=A fc 

Thus a n 7^ implies the condition (2). 

Proof of (2) =>■ (4). Assume that A G 03 (2n) satisfies the condition (2), namely 
Aj k = Aj k+n for k — 1, . . . , n. Then we identify M n with C™ by 

z k := u Jk + v /= T% fc+ „ 

for fc = 1, . . . ,n. Consider the standard Hermitian metric on C™. Then, T(A) acts 
on C" as biholomorphisms and isometries. In fact, through the above identification, 
it follows from (|2.3[) that the action of Si G T(A) on C™ is given by 

'zk + \ ifi=jfc, 

Zk if A) k = A) = and % ^ j k ,jk+n, 

-z k ifA'j =A*. =1, 



s 4 (zi,...,z„) fc 



where the left hand side denotes the fc-th component of Si{z\, . . . , z n ). Thus the 
quotient M(A) — C" /T(A) inherits the standard Kahler structure on C ra . 

Finally, we shall prove the last statement in the theorem. As observed above, 
a G TL 2 (M(A)) is of the form (|3.1|) . We then define the differential closed 2-form lu 



4 



H. ISHIDA 



on R 2n by 

(3.2) us := CjkdujAduk- 

j<k,A j= A k 

Comparing (|3 . 1 [) with (|3.2[) . one sees that the condition a n ^ implies that u" 
is nowhere zero. Thus us is a symplectic form on R 2 ". Since us is invariant under 
the r(A)-action on R 2 ™, w descends to a symplectic form on the quotient M{A) = 
R 2 ™ /T(A) and this represents the given class a. □ 

Example 3.2. Let 4 6 i8(4). If A is the zero matrix, then M(A) is the 4-dimensional 
torus and symplectic. Suppose that A is non-zero and M (A) is symplectic. Then 
it follows from Theorem 13. II (2) that A is one of the following: 

1 1 o\ /<) 1 l\ /() 1 l\ A) 1 l\ /o o o o\ 

00001 [ o o o o I /ooool [ 1 1 1 [ 1 1 1 
o o oli I o oil I o o oli I o oli I o J • 
oooo/ yo o o oj \o o o o/ yo 0/ \0 0/ 

Real Bott manifolds M(A) for A above are diffeomorphic to each other but not 
diffcomorphic to the 4-dimensional torus ([5], [6]). One sees that M{A) is the total 
space of a non-trivial T 2 -bundle over T 2 . On the other hand, T 2 -bundles over T 2 
which are symplectic are classified in |3] . One can easily check that our M (A) is of 
type {-7, 1, (0, 0)} in [4] Table 1] . 
Finally we note that if 




then M(A) is orientable by (|2.2I) . but not symplectic. Therefore the class of sym- 
plectic real Bott manifolds is strictly smaller than that of orientable real Bott 
manifolds. 



4. The flux group 

In this section, we will study the flux group of a symplectic real Bott manifold. 
For that, we recall the definition of a flux group for a general symplectic manifold. 

Let (M, us) be a closed symplectic manifold. A diffeomorphism (f> : M — > M is 
called a symplectomorphism if <p*us = us and the group of symplectomorphisms of 
(M, us) is denoted by Symp(M, us). Associated to a smooth function / : M — >• R, 
the Hamiltonian vector field Xf is defined by ix f us = df. For a one-parameter 
family {/t}o<t<i of functions, we obtain a one parameter family {^/ t }o<t<i of 
Hamiltonian vector fields, and integrating {Xf t }, we obtain a one-parameter family 
{4>t}o<t<i of diffeomorphisms defined by 

^-4> t = X ft o 4> t and 4> = id . 

The time-one map <p\ is a symplectomorphism and called a Hamiltonian diffeomor- 
phism. It is known that all Hamiltonian diffeomorphisms of (M, us) form a subgroup, 
denoted Ham(M, us), of the identity component Symp (M, us) of Symp(Af, us). For 
a symplectic isotopy {4>t}, that is, an isotopy through symplectomorphisms, we 
obtain a one-parameter family {X t } of vector fields define by 

37^t = X t o 4> t . 
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The flux of {4>t} is then defined to be 

(4.1) f [ixMdt € H 1 (M). 

Jo 

It is known that the flux depends only on the homotopy class of symplectic isotopies 
with fixed end points </>o = id and <j>\, so that it defines a homomorphism 

Flux : Symp (iW» -> U\M)/T U , 

where T u is the image of the fundamental group 7Ti (Symp (M, w)) by the flux and 
called the flux group of (M,w). The solution of the flux conjecture ([7]) says that 
the subgroup of H 1 (M) is closed and discrete. According to PQ, the kernel of 
Flux is exactly equal to Ham(M, u>), in other words, we have an exact sequence 

{1} -> Ham(M,w) -> Symp (Af,w) F ^> x H 1 (Af)/r w . 

Now, we consider the flux of a symplectic real Bott manifold. 

Theorem 4.1. Let M(A) be a real Bott manifold with a symplectic form uj given 
by (|3.2[) . Then, the flux group is a lattice group o/H (M(A)) of full rank. 

Proof. It follows from Lemma |2~T1 that H (M(A)) is generated by [duj] with Aj = 0, 
and since M{A) is symplectic, the number of zero columns in A is even by Theorem 
l3~Tl so that H 1 (M(A)) is even dimensional. Let 2r be the dimension of H 1 (M(A)). 
We may assume that H 1 (M(A)) is generated by dui, . . . , du2 r by changing the 
suffices of the coordinates. Moreover, through a linear coordinate change of the 
first 2r coordinates u\,...,U2 r , we may assume that the symplectic form u on 
M(A) is of the form 

r 

(4.2) lu = dui A du i+r + Cj^duj A du^. 

»=1 i<fc,A J= A fc #0 

Since M(A) = T 2 "/G(A) and A p = for p = 1, . . . , 2r, the multiplication of S* 1 
on the p-th coordinate on T 2n for 1 < p < 2r descends to an 5 ll -action on M(A) 
and defines a symplectic isotopy {<$}■ The one-parameter family {Xf} of vector 
fields associated with {0f} is then d/du p (possibly up to a non-zero constant), so 
that it follows from (|4.ip and (|4.2p that 

the flux of {4>t} = / [ix p u]dt — / = \du q ] 

Jo 4 Jo 

where g = p + rifl<p<r and q = p — r \i r + 1 < p < 2r. This shows that r w 
spans H 1 (M(A)) over R. Since r w is closed and discrete in H 1 (Af(A)) as remarked 
before, it must be a lattice group of H 1 (M(A)) of full rank. □ 



Acknowledgment. The author would like to thank Professor Mikiya Masuda for 
stimulating discussion about toric topology and symplectic topology. He also would 
like to thank Professor Kaoru Ono for explaining the flux group of a symplectic 
manifold, Professor Takahiko Yoshida for informing on the paper [4], and Shintaro 
Kuroki and Yunhyung Cho for useful comments on the paper. 



6 



H. ISHIDA 



References 

[1] A. Banyaga, Sur la structure du groupe des diffeomorphismes qui preservent une forme 

symplectique, Comment. Math. Helv. 53 (1978), 174-227. 
[2] G. E. Bredon, Introduction to Compact Transformation Groups, Academic Press 46, 1972. 
[3] S. Choi, The number of orientable small covers over cubes, preprint, arXiv:0812.3861 
[4] H. Geiges, Symplectic structures on T 2 -bundles over T 2 , Duke Math. J. 67 (1992), 539-555. 
[5] Y. Kamishima and M. Masuda, Cohomological rigidity of real Bott manifolds, Alg. & Geom. 

Top. 9 (2009), 2479-2502, arXiv:math.AT/0807.4263. 
[6] M. Masuda, Classification of real Bott manifolds, preprint, arXivimath. AT/0809. 2178. 
[7] K. Ono, Floer-N ovikov cohomology and the flux conjecture, GAFA, Geom. funct. anal. 16 

(2006), 981-1020. 

[8] W. P. Thurston, Some simple examples of symplectic manifolds, Proc. of Amer. Math. Soc. 
55 (1976), 467-468. 

Graduate School of Science, Osaka City University, Sugimoto, Sumiyoshi-ku, Os- 
aka 558-8585, Japan 

E-mail address: hiroaki.ishida86@gmail.com 



